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Comparative Scaling of Flapping- and Fixed-Wing Flyers

Tianshu Liu∗
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The scaling laws in the geometry, velocity, and power for flapping flyers, for example, birds, and fixed-wing
aircraft are discussed from a comparative point of view, and the aerodynamic implications of the scaling, particu-
larly on the lift-to-drag ratio, flapping span efficiency, induced drag, parasite drag, and propulsive efficiency are
explored. The results shed insights into flapping flight and provide a useful guideline for the preliminary design of
a flapping-flight vehicle.

I. Introduction

P EOPLE, who have always been amazed by biological flapping
flight, have tried to make mechanized flapping air vehicles for a

long time. The early design of a flapping-flight machine inspired by
bird flight can be traced back to Leonardo da Vinci in the 1500s. Be-
cause of the formidable challenge of replicating bird flight and the
failure to produce a workable man-carrying ornithopter, however,
the idea of flapping flight was largely abandoned by mainstream
aerospace engineers as a feasible engineering solution for flight, par-
ticularly after the Wright brothers achieved the first powered flight
with a fixed-wing aircraft, followed by the remarkable progress of
modern aviation made in the 20th century. As a result, flapping flight
becomes a marginalized topic that mainly interests avian biologists,
zoologists, and a few ornithopter inventors, although aerodynami-
cists, such as von Kármán and Burgers,1 Garrick,2 von Holst and
Kuchemann,3 and Lighthill,4,5 have embarked on this topic. Re-
cently, there is renewed interest to flapping flight in the aerospace
community due to the need of developing birdlike micro air vehicles.
In regard to flapping flight, a long-standing problem is the relative
efficiency of flapping flight vs fixed-wing flight.

In this paper, flapping- and fixed-wing flyers are compared from a
standpoint of scaling. Scaling is a useful technique for biologists and
aerodynamicists to study the dimensional relationship between dif-
ferent scales and species in avian flight.4,6−10 Flying animals (birds,
bats, and insects) typically utilize flapping wings to generate both
the thrust and lift for flight in contrast to manufactured fixed-wing
aircraft that use propellers and jets for propulsion. A question is
whether there is a statistically significant difference in the scal-
ing laws between birds and aircraft that may be caused by the two
different flight mechanisms: flapping wings and fixed wings with
a propulsion engine. If there is a difference, what are its aerody-
namic implications? The aerodynamic aspects of the scaling are
very worthwhile to be explored. In addition, the scaling laws pro-
vide a useful guideline for the preliminary design of flapping MAVs
or ornithopters and lay a foundation for more detailed aerodynamic
research of flapping flight.

II. Comparative Scaling
Weight, Lengths, and Area

Traditionally, biologists scale the relevant parameters of birds
based on the mass m of birds. In engineering, the weight W = mg
is often used. Aircraft have two characteristic weights: the empty
weight Wempty and the maximum takeoff (MTO) weight WMTO. As
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shown in Fig. 1, the MTO weight is related to the empty weight
by WMTO = 1.786Wempty (12%) for propeller/turboprop aircraft and
jet transports, where both WMTO and Wempty are in newtons. As in-
dicated in the parentheses, the mean relative error for regression is
about 12%. In the following discussions, the mean aircraft weight
W = (WMTO + Wempty)/2 = 1.393Wempty, which is simply referred
to as the weight, is used for scaling, although WMTO is also used in
certain cases. Thus, a relation for aircraft is WMTO = 1.282W (12%).
For birds, W is also referred to as the mean bird weight. The weight
of birds varies depending on day, season, sex, and geographic loca-
tions, and such a variation can be described by the upper and lower
bounds of the bird weight.11 As shown in Fig. 2, the upper bound of
the bird weight is related to the mean weight by Wupper,bird = 1.242W
(9%), which is interestingly close to the relation WMTO = 1.282W
for aircraft. Similarly, the lower bound of the bird weight is given
by Wlow,bird = 0.79W (10%). For geometrically similar objects, the
linear length scale l is proportional to the one-third-power of the
weight W , that is,

l ∼ W
1
3 (1)

Therefore, the wingspan b, mean wing chord c̄, overall body length
lbody, and maximum diameter d0 of an aircraft fuselage (or body)
should be proportional to W 1/3, whereas the wing area follows
Swing ∼ W 2/3. Here, the wing area Swing is defined as the orthograph-
ically projected area of a wing.

Figures 3 and 4 show the wingspan and wing area as a function of
the weight for birds and aircraft, respectively. We use data collected
by Tennekes12 for birds ranging from a 0.026-N black-chinned hum-
mingbird to a 116-N mute swan. Data for propeller/turboprop air-
craft and jet transports published in Ref. 13 are used, covering a
broad spectrum of aircraft from a 150-kg ultralight to a 180-ton
Boeing 747-400. The results indicate that, over a large range of the
weight, birds and aircraft basically follow the power laws for the
wingspan and wing area. For the wingspan, we have for aircraft
(14%) and birds (20%), respectively,

b = 0.462W
1
3 (2)

b = 0.506W
1
3 (3)

For the wing area, the scaling laws are for aircraft (30%) and birds
(34%), respectively,

Swing = 0.0262W
2
3 (4)

Swing = 0.0327W
2
3 (5)

where b is in meters, Swing is in square meters, and W is in newtons.
In this work, we generally use the SI units such as meters for length
scale, meters per second for velocity, newtons for weight, and watts
for power, unless specified otherwise. For each empirical scaling law
given in this paper, the mean relative error of regression is indicated
accordingly in a parenthesis. For example, the mean relative error
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Fig. 1 MTO weight as function of empty weight for aircraft.

Fig. 2 Upper bound of bird weight as function of mean bird weight.

Fig. 3 Wingspan as function of weight.

Fig. 4 Wing area as function of weight.

Fig. 5 Overall body length as function of weight.

for the wingspan is defined as mean(|b − bfit|/|b|) over the whole
range of data.

Note that a finer analysis given by Greenewalt6 shows some varia-
tion in the scaling of the wingspan and wing area for different groups
of bird species, such as the passeriforms, shorebirds and ducks.
However, in a coarser scale considered here, the subtle difference
between bird species is not statistically significant. McMasters14

gave a similar scaling law Swing = 0.0359W 2/3 for insects, birds,
sailplanes, general aviation aircraft, and jet transports. Because the
mean wing chord is defined as c̄ = Swing/b, Eqs. (2–5) lead to the
following relations for aircraft (33%) and birds (39%):

c̄ = 0.0567 W
1
3 (6)

c̄ = 0.0646 W
1
3 (7)

Furthermore, from Eqs. (2–5), we know that the average wing aspect
ratios AR = b2/Swing for aircraft and birds are 8.15 (33%) and 7.83
(39%), respectively, where the relative errors are estimated using
the error propagation equation.

Figure 5 shows the overall body length as a function of the weight
for aircraft along with a correlation for birds lbody = 0.143W 1/3 given
by Templin.15 For aircraft (12%), the overall length of aircraft obeys
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Fig. 6 Maximum diameter of fuselage or body as function of weight.

the power law

lbody = 0.41W
1
3 (8)

The scaling indicates that a typical bird has about 35% of the overall
body length of the corresponding scaled-down aircraft. As shown in
Fig. 6, the maximum diameter d0 of the aircraft fuselage (or body)
also follows the one-third-power law as a function of W given by

d0 = 0.0481W
1
3 (9)

for aircraft (13%). If the total area of the fuselage plus other parts
of aircraft except the wing is approximately equivalent to the pe-
ripheral area of a cylinder of the diameter d0 and the length lbody,
the total wet area of a typical aircraft is Swet ≈ 0.114W 2/3, and thus
a ratio between the wing area and the total wet area of aircraft is
Swet/Swing ≈ 4.35. Unfortunately, data for the maximum diameter
d0 of the bird body are not available for comparison. When it is as-
sumed that Eq. (9) can be approximately applied to birds, we have an
estimate for birds Swet ≈ 0.087W 2/3 and a ratio between the total wet
area and the wing area for birds is Swet/Swing ≈ 2.66. The estimated
fineness ratios lbody/d0 for aircraft and birds are approximately 8.52
and 2.97, respectively.

Wing Loading and Cruise Velocity
Figure 7 shows the scaling for the wing loading for aircraft (20%)

and birds (32%) that follows:

wing loading = 53W
1
3 (10)

wing loading = 30.6W
1
3 (11)

For level forward flight, the wing loading W/Swing is related to
the flight velocity V by W/Swing = ρV 2CL/2, where CL is the lift
coefficient that is a function of the angle of attack. According to
Eq. (10) or (11), the cruise velocity, which corresponds to the max-
imum lift-to-drag ratio or the maximum range, follows the scaling
law Vmr ∼ W 1/6. Figure 8 shows the cruise velocity as a function of
the weight for birds and aircraft. Tennekes12 called this kind of plot
“The Great Flight Diagram” and gave a loose single scaling law. In
fact, there is a significant statistical difference of the cruise velocity
data between birds, propeller/turboprop aircraft, and jet transports.
Data for propeller/turboprop aircraft (28%) and birds (16%) are,
respectively, fitted by

Vmr = 15.52W
1
6 (12)

Vmr = 8.98W
1
6 (13)

Fig. 7 Wing loading as function of weight.

Fig. 8 Cruise velocity as function of weight.

where Vmr is in meters per second and W is in newtons. Nev-
ertheless, the cruise velocity for jet transports does not signifi-
cantly change with the weight, indicating that jets are not analo-
gous to propeller/turboprop aircraft and birds in this aspect. For
comparison, Fig. 8 also includes Rayner’s correlation for the cruise
velocity Vmr = 8.0952W 0.19 for birds,16 and the cruise velocity
Vmr = 9.067W 0.162 given for a typical bird in Sec. III based on the
time-area-averaged momentum stream tube (MST) theory where the
flapping span efficiency eflap = 0.5 and the parasite (zero-lift) drag
coefficient CDpara = 0.0055 are chosen to fit both the cruise velocity
and power data for birds. These results are consistent with the Ten-
nekes data for birds. It is found that the cruise velocity of birds is
considerably lower than that of scaled-down propeller/turboprop air-
craft, that is, Vmr,bird ≈ 0.58Vmr,aircraft. This result is critical because
it will affect estimation of several derived quantities such as the in-
duced drag and propulsive efficiency. As pointed out in Sec. III, the
scaling law for the cruise velocity is particularly susceptible to the
deviations from the similarity conditions, and thus, the data look
scattered because the functional dependency of the velocity to the
weight is weak. Even after the error margins are considered, nev-
ertheless, it is statistically credible that the cruise velocity of birds
is significantly lower than that of scaled-down propeller/turboprop
aircraft.
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Fig. 9 Weight as function of Reynolds number.

We look at the relationship between the weight and the Reynolds
number Rec = V c̄/ν based on the mean wing chord c̄ = Swing/b.
Figure 9 shows the weight of birds and aircraft as a function of
the Reynolds number Rec. Clearly, birds and aircraft have different
square-laws.

Propeller/turboprop aircraft (52%):

W = 2.6 × 10−10 Re2
c (14)

Jet transports (31%):

W = 0.99 × 10−10 Re2
c (15)

Birds (32%):

W = 5.4 × 10−10 Re2
c (16)

Interestingly, this indicates that a typical flying bird is heav-
ier than a scaled-down fixed-wing aircraft at the same Reynolds
number. In the scaling sense, the mean weight of birds is about
2.6 times of that of scaled-down propeller/turboprop aircraft. In
terms of the MTO weight of propeller/turboprop aircraft, we know
Wbird = 2.07Waircraft = 1.61WMTO, and thus, the upper bound of the
bird weight is Wupper,bird = 2WMTO. Relatively speaking, this implies
that a bird has to produce the larger lift to support its heavier body.

Cruise Power and Power Available
The mechanical power required for continuous flight is an impor-

tant parameter to evaluate the flight performance. The maximum
range power (the cruise power) Pmr at cruising is a product of the
thrust T and the cruise velocity Vmr, that is, Pmr = T Vmr = DVmr

in level continuous flight where the thrust is balanced by the drag
D, and the lift is balanced by the weight. For a given lift-to-drag
ratio, the thrust is proportional to the weight. Because the cruising
velocity is Vmr ∼ W 1/6, we know Pmr ∼ W 7/6. Figure 10 shows the
cruise power of aircraft and birds. The scaling laws for the cruise
power of aircraft (38%) and birds (47%) are, respectively,

Pmr,aircraft = 1.67W
7
6 (17)

Pmr,bird = 1.23W
7
6 (18)

where the power is in watts and W is in newtons. Comparing
Eqs. (17) with (18), we have Pmr,bird ≈ 0.74Pmr,aircraft, indicating that
birds use less power for cruising flight compared to scaled-down
aircraft. We collect data of the minimum power Pmp for birds from
literature6,17−21 and then convert them to the maximum range power
Pmr using the relation Pmr = 1.146Pmp (see Sec. III). Except for the

Fig. 10 Cruise power as function of weight.

data of the mechanical power given by Greenewalt6 and Dial et al.,17

the metabolic power from other sources is converted to the mechani-
cal power by multiplying 20%. As noted by Rayner,21 the converting
factor from the metabolic to mechanical power varies considerably.
Therefore, the factor of 20% is a rough estimate. In Fig. 10, some
data of the cruise power for propeller-driven aircraft are approxi-
mately extracted from the maximum rate of climb given in Ref. 13
(with the error of estimation typically less than 10%), and other
data are collected from alternative sources. Figure 10 also shows
the cruise power Pmr = 0.9542W 1.161 obtained for a typical bird dis-
cussed in Sec. III by fitting the calculated data based on the MST
theory where the flapping span efficiency eflap = 0.5 and the parasite
(zero-lift) drag coefficient CDpara = 0.0055 are selected to fit both
the cruise velocity and power data. This result is close to a correla-
tion Pmr,bird = 1.0564W 1.161 given by Rayner16 and is in reasonable
agreement with the collected data for birds. Although the power-law
exponent can be generally treated as a free parameter for fitting data
of the required power, it is preferred to fix the exponent at 7

6 due to
the rigorous constraint of aerodynamic similarity (see Sec. III).

However, the cruise power alone does not tell the whole story be-
cause the cruise velocity of birds is much lower than that of scaled-
down aircraft. We need to evaluate the flight efficiency ηflight =
VmrW/Pmr using the power laws. For propeller/turboprop aircraft,
a value of ηflight based on the mean weight is ηflight = VmrW/Pmr ≈
9.3, and hence, the mean lift-to-drag ratio is L/D ≈ 9.3. To estimate
the maximum flight efficiency, the MTO weight WMTO = 1.282W is
a more appropriate quantity; thus, we have ηflight,max = VmrWMTO/
Pmr ≈ 11.9. Because ηflight,max is approximately equal to the
maximum lift-to-drag ratio, we know (L/D)max ≈ 11.9 for pro-
peller/turboprop aircraft. Similarly, the average flight efficiency
for birds is ηflight = VmrW/Pmr ≈ 7.3, and therefore, the mean lift-
to-drag ratio L/D ≈ 7.3 for birds. Using the upper bound of the
bird weight Wupper,bird = 1.242W for the maximum lift-to-drag ra-
tio, we give an estimate (L/D)max ≈ 9.1 for birds. Hence, the max-
imum lift-to-drag ratio of birds is smaller, but close to that of
propeller/turboprop aircraft. From Eqs. (14) and (16), compared
to scaled-down propeller/turboprop aircraft at the same Reynolds
numbers, an estimate for the mean lift coefficient of birds is
CL ,bird/CL ,aircraft ≈ Wbird/Waircraft = 2.07. As a result, an estimate for
the drag coefficient at the maximum L/D is CD,bird/CD,aircraft ≈ 2.7.
It is a somewhat surprising finding that the total drag coefficient
of birds is much larger than that of propeller/turboprop aircraft. A
detailed discussion on the induced drag and parasite drag is given in
Sec. III. The larger lift coefficient of bird flight is worthwhile to be
studied and is related to nonlinear interaction between the wing mo-
tion and the induced velocity by the vortex structure of an unsteady
wake.
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Fig. 11 Engine and muscle power available as function weight.

Figure 11 shows the engine and muscle power available as a
function of the weight for aircraft and birds. For jet transports, the
engine power is estimated by multiplying the maximum thrust to the
cruise velocity at the corresponding cruising altitude. (Data are from
Ref. 13.) Power data for model airplanes are collected from the spec-
ification sheets of SIG Manufacturing Co., Inc. (www.sigmfg.com
[cited 15 October 2002]). A typical MAV, the Black Widow,22 is
used for comparison with birds. For the Black Widow that is driven
by an electric motor powered by batteries, the mechanical power is
estimated by multiplying the motor efficiency of 63% to the motor
power. A number of ornithopters are also provided for comparison,
including small-scale and full-scale ornithopters23,24 and Microbat
of AeroVironment.25 The man-powered plane Gossamer Albatross12

is marked in Fig. 11 as a unique reference case.
As indicated in the next subsection, the averaged weight of the

large pectoral muscle of birds is Wmuscle = 0.2363W 0.9675, and the
mean mass-specific power is 141 W/kg (14.4 W/N). Thus, the mean
muscle power available for birds is PA,muscle = 3.4W 0.9675, which
is also shown in Fig. 11. Note that a plot similar to Fig. 11 was
given by Kokshaysky26 as a function of mass for insects, birds, and
piston-engine aircraft. The power laws for the available power for
three groups of flyers in Fig. 11 are as follows.

Propeller/turboprop aircraft (22%):

PA = 5.25W 1.13 (19)

Jet transports (12%):

PA = 128.02W 0.977 (20)

Mean power for birds (41%):

PA,muscle = 3.4W 0.9675 (21)

Here the power is in watts and W is in newtons. Unlike the case for
the required power, the power-law exponent for the power available
is a free parameter because it is not necessarily constrained by the
aerodynamic similarity.

The excess power PA − Pmr is proportional to the rate of climb
from the level cruising flight, that is, R/C = (PA − Pmr)/W . For air-
craft, there is no obvious upper limit for the weight to sustain level
flight. For birds, however, there is a critical weight for R/C = 0 be-
yond which birds cannot sustain level flight by their muscle power
From the scaling law Pmr,bird = 1.23W 7/6 for the required cruise
power and the empirical correlation PA,muscle = 3.4W 0.9675 for the
available muscle power, we give 165 ± 102 N (16.8 ± 10.4 kg) as
the upper limit of the bird weight for maintaining level flight. Here,
the large error margins given based on the error propagation equa-
tion represent the statistical variation in a heterogeneous group of

birds. This estimate is basically consistent with the collected data
of the upper bound of the bird weight, as shown in Fig. 2. The
largest flying bird (mute swan) has a mean weight of about 118 N
(12 kg) and an upper bound of weight of about 151 N (15 kg). Note
that the upper limit of the bird weight for takeoff should be lower
because more power is needed. These results may shed light onto
the long-debated problem of whether extinct pterosaurs27−29 and
archaeopteryx30 could fly. The Cretaceous pterosaur pteranodon had
a mass ranging from 12.9 to 29.8 kg (W = 126–292 N). According
to the preceding estimate, if pteranodon muscle had the same power
available as the mean bird muscle, the pteranodon could marginally
sustain level flight as long as it jumped from cliffs, hills, or tall trees
for takeoff. Archaeopteryx, the ancestor of modern birds, follows the
same power laws in the wingspan and wing area as modern birds.30

However, physiologists and paleontologists have argued that the
flight muscle ratio of archaeopteryx could be as low as 50% of that
of modern birds. If it is true, the estimated maximum weight for ar-
chaeopteryx to sustain level flight is about 5.1 ± 3 N (0.52 ± 0.3 kg),
which is larger than the generally accepted archaeopteryx mass of
0.25 kg. This indicates that archaeopteryx could fly using its rela-
tively weak muscle.

Engine and Muscle Power
We compare the muscular power output of birds with the power of

engines for aircraft. Figure 12 shows the mechanical power output of
aeroengines as a function of the weight of aeroengines, where data
are collected from Ref. 13. For piston engines, including model
airplane engines (22%), the power law is

Ppiston = 287.73W 0.8616
engine (22)

whereas the power law for turboprop engines (15%) is

Pturbo = 353.2W 1.007
engine (23)

Figure 13 indicates the dependency of the engine weight on the
total weight of aircraft. For piston, turboprop, and jet engines (21%),
data can be fit by a single power law

Wengine = 0.327W 0.8944 (24)

Greenewalt6 studied the relationship between the bird muscle weight
and total weight for the passeriforms, shorebirds, and ducks. The
power law for the average weight of the large pectoral muscle of the
passeriforms, shorebirds, and ducks together is

Wmuscle = 0.2363W 0.9675 (25)

Fig. 12 Engine power output as function of engine weight.
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Fig. 13 Aeroengine and muscle weight as function of total weight of
aircraft and birds.

McMasters14 also gave a relation Wmuscle = 0.25W based on data
for prey birds, passerine birds, and wading and web-footed birds.
Interestingly, as shown in Fig. 13, Eq. (25) for the weight of the large
pectoral muscle of birds is consistent with Eq. (24) for the engine
weight of aircraft.

The mass-specific power of bird muscle given by Weis-Fogh31

varies from 80 to 220 W/kg (8.16–22.45 W/N), and the average
value is 141 W/kg (14.4 W/N), where the relative error is 41%. Thus,
from Eq. (25), we have the mean bird muscle power available:

PA,muscle = 3.4W 0.9675 (26)

Rayner32 gave correlations based on collected data of measured
metabolic power for 111 birds. If 20% of the metabolic power is
converted to the mechanical power, a correlation for the mechanical
power output of muscle in flight is PA,muscle = 1.7975W 0.912, which
is a lower estimate. Note that estimates of the available power of
bird muscle are not conclusive, and a considerable variation exists
among different data sources of metabolic power measurements in
flight.21 Other correlations for the available power of bird muscle
include PA,muscle = 2.184W 2/3 (Ref. 15) and PA,muscle = 1.921W 0.74

(Ref. 19).
Next, we compare the mass-specific power (power density) of bird

muscle with that of aeroengines, where the mass-specific power is
defined as the mechanical power output per mass. Figure 14 gives
a comparison of the mass-specific power between bird muscles and
various aeroengines. Here, we use data of the mechanical power
for birds, bats, and insects compiled by Weis-Fogh31 and data for
piston and turboprop engines from Ref. 13. For model airplane en-
gines, we collect data from the specifications of Norvel, Irvine, and
OS engines (www.sigmfg.com and www.osengines.com [cited 15
October 2002]). Evidently, the mass-specific power of bird muscles
is much lower than that of aeroengines.

III. Discussion
Estimated Maximum Range Power and Velocity

The time-area-averaged MST theory for flapping flight,33 gives
an induced relation for the power coefficient CP as a function of the
parameters CW , CDpara , and eflap:

CP = CDpara + C2
W

/
4eflap − Cβ

W

/
4α (27)

where the coefficient α and exponent β are α(eflap) = 55.83e2
flap −

26.27eflap + 5.09 and β(eflap) = −0.725e2
flap + 1.526eflap + 2.84, re-

spectively. Here, the coefficients for the power, parasite drag, and
weight are CP = P/(ρ AbV 3/2), CDpara = Dpara/(ρV 2 Ab/2), and
CW = W/(ρV 2 Ab/2), respectively. The nondimensional empirical

Fig. 14 Mass-specific power of muscles of birds and aeroengines as
function of weight of engine or muscle.

coefficient eflap is the flapping span efficiency. The nominal def-
inition of the flapping span efficiency eflap is a ratio between the
effective actuator disk area and the full circular area with a diam-
eter b where Ab = πb2/4. Physically speaking, the flapping span
efficiency depends on not only the wing geometry, but also flapping
kinematics. The first two terms on the right-hand side of Eq. (27)
are simply the parasite (zero-lift) power and lift-induced power.
The third term, which is empirical, can be considered as additional
induced power that only has a limited effect at low speeds. Inter-
estingly, in the time-area-average sense, the apparently different
formulation in the MST theory for a flapping wing gives the almost
same result for the required power as that from the classical lifting-
line theory for a fixed wing. However, the flapping span efficiency
eflap in Eq. (27) has a different physical meaning from the Oswald
span efficiency for a fixed wing. This point should be stressed when
data of flapping flight are interpreted for comparison with fixed-wing
aircraft.

The typical power curve is U shaped, and it has two characteristic
velocities: the minimum power velocity Vmp and maximum range
velocity Vmr. The maximum range velocity (the cruise velocity)
Vmr corresponds to the tangential point of a line from the origin to
the power curve, at which a migrating bird or aircraft covers the
longest distance for a given amount of energy. The corresponding
powers at Vmp and Vmr are denoted by Pmp and Pmr, respectively.
There are the general relations Vmr = 1.35Vmp and Pmr = 1.146Pmp.
We consider a typical bird whose geometrical quantities obey the
scaling laws b = 0.506W 1/3, c̄ = 0.0646W 1/3, Swing = 0.0327W 2/3,
and AR = 7.83. Adjusting the two free parameters CDpara and eflap,
we calculate the maximum range power and velocity as a function
of W to fit both Greenewalt’s data6 for Pmr and Tennekes’s data12 for
Vmr simultaneously. Thus, we obtain eflap = 0.5 and CDpara = 0.0055,
and the corresponding correlations based on the calculations

Pmr = 0.9542W 1.161 (28)

Vmr = 9.067W 0.162 (29)

As shown in Fig. 10, Eq. (28) is compared well with
Greenewalt’s data6 for birds and is close to Rayner’s correlation
Pmr = 1.0564W 1.161 given by the continuous vortex ring theory.16

At the same time, as shown in Fig. 8, the maximum range veloc-
ity Vmr given by Eq. (29) is basically consistent with Tennekes’s
data and Rayner’s correlation Vmr = 8.0952W 0.19. Here, the parasite
drag coefficient CDpara , which is a function of Reynolds number, is
treated as a constant parameter in the time-area-average sense over a
range of Reynolds numbers for birds. Therefore, if Tennekes’s data
and Greenewalt’s data represent a statistical ensemble of data for a
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heterogeneous group of birds, eflap = 0.5 and CDpara = 0.0055 can be
considered as the ensemble average values for birds.

Avian biologists have used the power–velocity relation for fixed-
wing aircraft to estimate the Oswald span efficiency by fitting mea-
sured data for birds. Greenewalt6 cited the measured values of the
Oswald span efficiency, 0.7 and 0.51 for Coragyps atratus, 0.47 for
Falco jugger, 0.21 for Columba livia, and 0.36 for Gyps africanus.
Biologists were puzzled by the much lower span efficiency ob-
tained for birds compared to the assumed values (0.8–0.9) previ-
ously adopted from the theory of fixed-wing aircraft in calculations
for birds.6 A reasonable explanation for these unexpected results
cannot be extracted from the original meaning of the Oswald span
efficiency that is the efficiency relative to the elliptical lift distribu-
tion. In fact, according to Eq. (27), the use of the power–velocity
method is still legitimate for flapping flight, but the flapping span
efficiency eflap rather than the Oswald span efficiency is obtained.
The flapping span efficiency has a different physical meaning, de-
pending on not only the wing geometry (morphology), but also the
flapping kinematics. The effective actuator disk area could be sig-
nificantly smaller than the full circular area of a wingspan, and the
value of eflap for different birds might considerably vary. The lower
flapping span efficiency indicates the higher induced drag associ-
ated with bird flight. Furthermore, it has been observed that the wing
geometry (morphology) and flapping kinematics of birds vary with
velocity. This implies that the flapping span efficiency eflap may be
velocity dependent, and, therefore, the power–velocity relation may
deviate from a typical U-shaped curve.

Induced Drag
To estimate the induced-drag coefficient of birds in cruise flight

based on the wing area CDin,Swing = C2
W,Swing

/(πAReflap), we use the
scaling laws Vmr = 8.98W 1/6, Swing = 0.0327W 2/3, and AR = 7.83.
For the air density of 1.21 kg/m3, we have an estimate for the
induced-drag coefficient of birds (54%) in cruise flight

CDin,Swing = 0.0193/eflap (30)

where the relative error is estimated using the error propagation
equation. For eflap = 0.5, the induced-drag coefficient for a typi-
cal bird is CDin,Swing = 0.0386 ± 0.0208, which is comparable to the
parasite drag coefficient of birds CDpara,Swing = 0.0344. (See the next
subsection.) Note that it is not easy to give the relative error for
CDpara,Swing . Thus, in a statistical sense of scaling, the total drag coeffi-
cient for birds is CD,Swing = CDpara,Swing + CDin,Swing = 0.073 ± 0.0208,
where the error margins are underestimated because the error in
CDpara,Swing is not included. The induced drag and parasite drag
roughly equally contribute the total drag of birds.

Similarly, using the scaling laws for propeller/turboprop aircraft
(52%) Vmr = 15.52W 1/6, Swing = 0.0262W 2/3, and AR = 8.15, we
have an estimate for the induced drag of aircraft:

CDin,Swing = 0.0032/e (31)

where e is the Oswald span efficiency. For e = 0.8, the induced
drag coefficient is CDin,Swing = 0.004 ± 0.0021. At large Reynolds
numbers in aircraft flight, the parasite drag coefficient of pro-
peller/turboprop aircraft is CDpara,Swing = 0.02 − 0.044. It can be seen
that the induced drag coefficient is much smaller than the parasite
drag coefficient in aircraft flight and it contributes 10–30% of the
total drag coefficient of aircraft. The parasite drag is the dominant
contributor to the total drag of aircraft. Furthermore, the induced
drag coefficient of birds is much larger than that of aircraft. The ad-
ditional induced drag associated with flapping, as pointed out by von
Holst and Kuchemann3 and Lighthill,4 is due to nonlinear coupling
between the flapping motion and unsteady induced velocity.

Parasite Drag
For comparison, the parasite drag coefficient CDpara = 0.0055 for

birds based on the disk area Ab is converted to the conventional
drag coefficient CDpara,Swing based on the wing area Swing by multi-
plying a factor πAR/4. For a typical bird with AR = 7.83, we have

CDpara,Swing = 0.0344, which is in the range of the parasite drag co-
efficient CDpara,Swing = 0.02 − 0.044 for propeller/turboprop aircraft,
but is much larger than CDpara,Swing = 0.013 − 0.02 for jets.34 Because
no measured data exist for the parasite drag of a flapping wing, we
cannot provide a rigorous comparison for the parasite drag of birds.
Accurate calculation of the parasite drag for birds by solving the
Navier–Stokes equation is very difficult due to not only the compli-
cated geometry and kinematics of flapping wings and the surface
patterns of feathers, but also a lack of reliable models for transi-
tion and turbulence in highly unsteady flows. Measurements of the
drag of a flapping device are also difficult because the thrust and
drag cannot be cleanly separated from the measured force in the
freestream direction. Limited data for several gliding birds (where
their wings were fixed) indicate CDpara,Swing = 0.01 − 0.024 (Ref. 6).
Although how the unsteady motion of a flapping wing affects the
time-averaged parasite drag is an open question, a quasi-steady-state
analysis is given to provide some clues for this problem.

The instantaneous parasite drag of a flapping wing pro-
jected on the flight direction is Dpara = 0.5ρV (V 2 + V 2

f )
1/2 SwetC f ,

where C f is the effective skin-friction drag coefficient (includ-
ing both the skin-friction drag and form drag) and V f is the lo-
cal flapping velocity. Thus, the time-averaged drag coefficient is
〈CDpara,Swing 〉t = C f (Swet/Swing)〈(1 + V 2

f /V 2)1/2〉t , where 〈 〉t is the
time-average operator. For a simple harmonic flapping motion
V f (t) = V f 0 cos(ωt), time-averaging operation over a flapping cycle
ωt = [0, 2π ] leads to
〈
CDpara,Swing

〉
t
= C f (Swet/Swing)(2/π)

(
1 + k2

V

) 1
2

× E
[
k2

V

/(
1 + k2

V

)
, π/2

]
(32)

where kV = V f 0/V is the relative flapping velocity to the flight ve-
locity and E(x, π/2) is Legendre’s complete normal elliptic integral
of the second kind. The effect of flapping on the time-averaged par-
asite drag coefficient is represented by the factor containing the
parameter kV . When kV = 0, the steady-state value 〈CDpara,Swing 〉t =
C f Swet/Swing is recovered.

To estimate kV = V f 0/V in cruising flight of birds, we use
Pennycuick’s correlation35 for the wing beat frequency f (hertz) =
W 3/8b−23/24 S−1/3

wing g1/8ρ−3/8. Use of the power laws for b and Swing

yields f (hertz) ≈ 7.34W −1/6. Thus, an estimate of the flapping ve-
locity at the wing tip is V f 0 = f b/2 ≈ 1.872W 1/6, and the parameter
kV for birds in cruising flight is kV = V f 0/Vmr ≈ 0.226. Because the
factor (2/π)(1 + k2

V )1/2 E[k2
V /(1 + k2

V ), π/2] is 1.0126, the effect of
flapping on the time-averaged parasite drag in cruising flight is very
small. For slow flight, however, this effect is more pronounced.

From Eq. (32), the difference of the parasite drag between
birds and aircraft may be mainly related to the effective skin-
friction coefficient C f , which is a function of the Reynolds num-
ber. At a typical Reynolds number of 105 for birds, based on
the collected data by Templin,15 the effective skin-friction coef-
ficient is C f = 0.01 − 0.02. Accordingly, the estimated parasite
drag coefficient for birds is 〈CDpara,Swing 〉t = 0.027 − 0.055, where
Swet/Swing = 2.66 is used for birds. For aircraft where the Reynolds
number is larger than 106, the effective skin-friction coefficient no
longer significantly decreases as the Reynolds number increases
further, and it varies between C f = 0.002 − 0.005. Therefore, for
aircraft, the estimated parasite drag coefficient is 〈CDpara,Swing 〉t =
0.0087 − 0.022, where Swet/Swing = 4.35 is used for aircraft. These
estimates suggest that the larger parasite drag coefficient in bird
flight is probably due to the effect of lower Reynolds numbers.

Propulsive Efficiency
Using the scaling laws Vmr = 8.98W 1/6, Swing = 0.0327W 2/3, and

Pmr,bird = 1.23W 7/6, we estimate the propulsive efficiency for bird
(60%) cruise flight, that is,

ηprop = Vmr D/Pmr = 9.62ρCD,Swing (33)

where the relative error is estimated using the error propagation
equation. For the air density ρ = 1.21 kg/m3, we know ηprop =
11.64CD,Swing . As estimated before, the mean total drag coefficient of
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Table 1 Scaling laws and derived results for birds and aircrafta

Quantity Birds Propeller/turboprop aircraft Jet transports

Upper limit or MTO, N Wupper,bird = 1.242W WMTO = 1.282W WMTO = 1.282W
Wingspan b, m 0.506W 1/3 0.462W 1/3 0.462W 1/3

Wing area Swing m2 0.0327W 2/3 0.0262W 2/3 0.0262W 2/3

Mean chord c̄ m 0.0646W 1/3 0.0567W 1/3 0.0567W 1/3

Aspect ratio 7.83 8.15 8.15
Body length lbody m 0.143W 1/3 0.41W 1/3 0.41W 1/3

Maximum body 0.0481W 1/3 0.0481W 1/3

diameter d0, m
Wet and wing area ratio 2.66 4.35 4.35
Body fineness ratio 2.97 8.52 8.52
Wing loading 30.6W 1/3 53W 1/3 53W 1/3

Reynolds number Rec , 4.3 × 104W 1/2 6.2 × 104W 1/2 10.1 × 104W 1/2

Cruise speed Vmr, m/s 8.98W 1/6 15.52W 1/6 ——
Cruise power, W Pmr,bird = 1.23W 7/6 Pmr,aircraft = 1.67W 7/6 Pmr,aircraft = 1.67W 7/6

Power available, W PA,muscle = 3.4W 0.9675 PA = 5.25W 1.13 PA = 128.02W 0.977

Muscle and Wmuscle = 0.2363W 0.9675 Wengine = 0.327W 0.8944 Wengine = 0.327W 0.8944

engine weight, N
Maximum L/D 9.1 11.9 ——
Flapping or Oswald eflap = 0.5 e = 0.6 − 0.9 e = 0.6 − 0.9

span efficiency
Parasite drag CDpara,Swing , 0.0344 0.02–0.044 0.013–0.02
Induced drag CDin,Swing , 0.0193/eflap 0.0032/e ——
Propulsive efficiency ηprop 9.62ρCD,Swing 29.32ρCD,Swing ——

aMean relative errors associated with the scaling laws indicated in the text.

birds is CD,Swing = CDpara,Swing + CDin,Swing = 0.073, and therefore, the
propulsive efficiency of bird flight is ηprop = 0.85 ± 0.51. The error
margins indicate a large statistical variation in this estimate although
the efficiency cannot exceed one in reality. The flapping propulsive
efficiency is reasonably high even though the error margins are large
for a heterogeneous group of birds. The effect of the air density on
the propulsive efficiency can be clearly seen in Eq. (33). An un-
steady lifting line theory gave the propulsive efficiency of 69–76%
(Ref. 36), and a theoretical model based on prescribed wake vor-
tex structures constrained by minimum induced power requirements
gave the efficiency as high as 86% (Refs. 37 and 38). Also, the time-
area-averaged momentum stream tube theory for flapping flight33

gave the propulsive efficiency similar to that of propellers. These
theories do not directly calculate the pressure and skin-friction dis-
tributions on a flapping wing; instead they estimate the propulsive
efficiency and other aerodynamic quantities based on models of
a lifting line, wake vortex structure, and momentum stream tube.
However, force measurements in a wind tunnel39 showed that the
propulsive efficiency (about 28%) of a mechanical flapper was much
lower than the predicted efficiency of about 58% by an unsteady
panel code. Numerical calculations using the Reynolds-averaged
Navier–Stokes code OVERFLOW with a moving grid generator
indicated the unexpectedly low propulsive efficiency of simulated
bat and gull wings with simple flapping kinematics (“Flapping
Wing Aerodynamics; 2D and 3D CFD Simulations” by S. P. Pao,
2000, unpublished). The propulsive efficiency is 0.2–0.28 for lam-
inar flows on the wings at the Reynolds number of 5 × 104 and is
0.4–0.5 for turbulent flows on the wings at the Reynolds number of
2 × 105. At this stage, the propulsive efficiency of a flapping wing
has not been fully evaluated by comprehensive experiments and
computations. In particular, we should examine the possibly favor-
able effect of the flexible trailing edges of avian wings on flapping
propulsion.

Similarly, by using the scaling laws Vmr = 15.52W 1/6,
Swing = 0.0262 W 2/3, and Pmr,aircraft = 1.67W 7/6 for propeller/
turboprop aircraft (56%), we have an estimate for the propulsive
efficiency

ηprop = Vmr D/Pmr = 29.32ρCD,Swing (34)

For the air density ρ = 1.21 kg/m3, we know ηprop = 35.48CD,Swing .
Because the propulsive efficiency cannot exceed one, according to
this correlation, an estimated range for the total drag coefficient

of propeller/turboprop aircraft is CD,Swing = 0.0124 − 0.044 in the
ensemble-average sense.

Further Comments on Scaling
Table 1 summarizes the scaling laws and derived results for birds

and aircraft. All of the scaling laws presented in this paper are ex-
pressed as a power function of the mean weight. The foundation
of this kind of scaling is a direct combination of the geometrical
similarity manifested by the one-third-power relation l ∼ W 1/3 and
the aerodynamic similarity described by W/Swing = ρV 2CL/2. The
representation of the scaling laws based on the weight is usually
dimensional rather than the conventional nondimensional form de-
rived from dimensional analysis for engineering and scientific ap-
plications. Therefore, it is legitimate to question the universality of
these dimensional scaling laws. However, this approach is particu-
larly popular in the biological community because the weight is a
convenient quantity to use.6,9 The general concept of scaling and
self-similarity emphasizes the aspects of scale invariance in various
physical phenomena.40 In fact, the scaling based on the weight is
just a special manifestation of the general nondimensional scaling
under certain conditions, and thus, it enjoys certain universality.

The characteristic length and area of a three-dimensional body are
related to the body volume by l = al V

1/3
body and S = aS V 2/3

body, respec-
tively, where Vbody is the body volume and al and aS are nondimen-
sional constants determined by the geometrical relations between
the body shape and length and area, respectively. Furthermore, the
body volume is related to the body weight by Vbody = W/(gρbody),
where g is the gravitational constant and ρbody is the mean body
density. Hence, the nondimensional relations for the characteristic
length and area are, respectively,

l(gρbody)
1
3

al W
1
3

= 1 (35)

S(gρbody)
2
3

aS W
2
3

= 1 (36)

As clearly indicated by Eqs. (35) and (36), the scaling laws l ∼ W 1/3

and S ∼ W 2/3 exist for a heterogeneous group of birds or aircraft
only when the body density ρbody is constant and al and aS are
constant for the whole group. The condition that al and aS are con-
stant represents the geometrical similarity. Furthermore, we have the
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nondimensional relations for the characteristic velocity and power,
respectively,

V
√

ρCL aS√
2(gρbody)

1
6 W

1
6

= 1 (37)

P(L/D)
√

ρCL aS√
2(gρbody)

1
6 W

7
6

= 1 (38)

Besides the geometrical similarity and constant body density, es-
tablishing the scaling laws V ∼ W 1/6 and P ∼ W 7/6 for the velocity
and power requires additional conditions: the constant air density
ρ, constant lift coefficient CL , and constant lift-to-drag ratio L/D.
Clearly, these necessary conditions for the similarity cannot be ex-
actly satisfied for a heterogeneous group of birds or aircraft, and the
deviations from these conditions introduce the statistical errors and
decrease the degree of correlation in regression. In particular, the
scaling for the velocity is more susceptible to the variations because
the functional dependency of the velocity to the weight is weaker.

IV. Conclusions
The geometrical quantities, cruise velocity, and cruise power of

birds and aircraft can be approximately scaled as a single function
of the mean weight. The scaling law for the upper bound of the bird
weight is interestingly close to that for the MTO weight of aircraft.
The scaling laws for the wingspan, wing area, and mean wing chord
are roughly the same for birds and aircraft. The wing aspect ratios
for birds and aircraft are 7.83 and 8.15, respectively. Nevertheless,
the body length of birds is only about 35% of that of scaled-down
aircraft. The ratios between the total wet area and wing area for
birds and aircraft are 2.66 and 4.35, respectively. The body fineness
ratios for birds and aircraft are 2.97 and 8.52, respectively. From
a scaling point of view, the wing loading and cruise velocity of
birds are only 58% of those of scaled-down aircraft. As a result, the
bird weight is significantly larger than the weight of scaled-down
aircraft at the same Reynolds number, indicating that a typical bird
has to generate larger lift for cruising flight. The cruise power of
birds is about 74% of that of scaled-down aircraft. The estimated
maximum lift-to-drag ratios for birds and aircraft are 9.1 and 11.9,
respectively. The scaling laws for the power available are given,
providing interesting results such as the upper weight limit for bird
flight when it is combined with the scaling laws for the required
power. Furthermore, the scaling law for the muscle weight of birds
is intriguingly close to that for the aeroengine weight.

The aerodynamic consequences of the scaling laws are explored
based on simple theoretical models. The flapping span efficiency
estimated for bird flight is 0.5, which is lower than the Oswald span
efficiency (0.6–0.9) of typical aircraft, and therefore it indicates
larger induced drag. The estimated induced-drag coefficient based
on the wing area for birds is 0.0386 ± 0.0208, which is much larger
than that of propeller/turboprop aircraft. Nonetheless, the estimated
mean parasite drag coefficient based on the wing area for birds is
0.0344, which is comparable to that of propeller/turboprop aircraft.
Hence, the mean total drag coefficient of birds is 0.073, which is
contributed roughly equally by the induced drag and parasite drag,
and is much larger than that of typical aircraft. The propulsive ef-
ficiency for bird cruise flight is 0.85 ± 0.51, where the large error
margins represent the statistical variation in regression for a hetero-
geneous group of birds. In summary, birds and aircraft enjoy sim-
ilarity in some important geometrical quantities. Compared with a
scaled-down aircraft, a typical bird cruises at a lower speed with a
reasonable propulsive efficiency and manages to overcome larger
drag and generate larger lift to support its heavier weight.
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